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Problem set 8: Optimal Routing

1 Routing and duality

Recall from lecture that a routing problem is specified by the list of CFMMs that the trader can
interact with and a concave, increasing utility function U : R™ — R, depending only on the net
output of all trades. This utility function encodes what the trader wants to do (e.g.a swap or an
arbitrage).

Each CFMM is associated with a subset of n; tokens which we will write as some subset S; C
{1,...,n}. Every CFMM ¢ has some trading function ¢; : R™ — R U {o0}, reserves R; € R™, fee
0 < v; <1, and matrix A; € R™*™ mapping the local token basket that the CFMM trades to the
network’s token basket. We solve for the tendered baskets A; € R’f, the received baskets A; € R?j
for each CFMM 14, which results in the network trade vector ¥ € R"™ that maximizes the function
U. The optimal routing problem is

maximize U(¥)

subject to W =", A;(A; — Ay)
Oi(Ri +vili —Ni) > pi(R), i=1,....m
AzZO, A,LZO, 2:1,,m

In this question, we will explore some mathematical properties of the routing problem.
a) Show that the optimality conditions for are

VU(¥) =v,
YiXiVi(Ri + %l — Ni) < Al v < NiVgi(Ri +7idi — Ay), i=1,...,m,

Hint. Refer to [BV04, §5.5]. It may be helpful to rewrite (1)) as

minimize —U(V)
subject to W =73 A;i(A; — A;)

b) Combine these conditions into one inequality and provide an interpretation in terms of marginal
utilities.
Hint. Recall that Vp(R) are the unscaled prices of the assets in a CFMM with trading
function ¢ at reserves R.

c¢) Consider a linear utility function U(¥) = ¢/ ¥. What are the conditions under which we do
not make a trade? Compare these to the ones in Problem Set 3 and to the ones above.



More generally, the optimality conditions for are equivalent to those for the optimal arbitrage
problem with a linear utility function and a particular choice of ¢: ¢ = VU ().

This perspective is very appealing: if we know this ¢, we can optimally arbitrage each CFMM
independently and in parallel. This insight suggests constructing an algorithm which iteratively
updates the “true prices” ¢ (equivalently, the true marginal utilities) instead of the trades A;, A;.
In optimization parlance, this is known as a dual decomposition approach. The Julia package
CFMMRouter. j1E| implements an efficient algorithm for routing using this approach.
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